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Abstract

Adsorptionis recognized as one of the most impactful techniques extensively utilized in
worldwide. environmental protection activities. Interpreting experimental adsorption
isotherm data.is essential for predicting the mechanism of adsorption. This study involves
the comparison and discussion of linear and non-linear forms of Langmuir, Freundlich,
Dubinin-Radushkevich, and Temkin isotherms, which were applied to the experimental
data obtained during the adsorption of Rhodamine-B dye by CaO NPs. To determine the
best-fitting model in the adsorption isotherms, and to quantitatively illustrate the relevant
sorption system, different error functions, and statistical tools including the sum of squares
of the errors (ERRSQ/RSS), average relative error (ARE), the sum of absolute errors (EABS),
average percentage error (APE/ARED), second-order corrected Akaike information
criterion (ALCc), chi-square test (Chi-Sq/x2), G2, Hybrid fractional error function (HYBRID),
a standard procedure called the sum of normalized errors (SNE), and fit tools including the
coefficient of determination (R2), student’s T-test, and F-tests were applied. The results
indicated that the Langmuir isotherm was identified as more suitable (T-test = 0.999981, F-
test =0.991724664, and R2 = 0.98537) than all other linear forms. Likewise, the analysis of
non-linear forms provided the Temkin model as more beneficial, with the lowest values of
all error functions and the largest values of fit tools, including R2 (0.94687), T-test
(0.969513), and F-test (0.999998). The linear Langmuir model was noted as best fitted with
the largest values of fit tools and lowest normalized errors (0.0077098) than the non-linear
Langmuir isotherm (0.306951). It was concluded that the linear Langmuir adsorption
isotherm has the lowest values of all error functions, including SNE, and the highest values
of fit tools among linear forms of each adsorption model. Moreover, the non-linear Temkin
isotherm was determined as the best-fitting model among all non-linear forms, with the

minimum values of all error functions, and maximum values of good fit tools.

Keywords: Adsorption isotherms; Comparison; Error analysis; Linear and non-linear
methods; Rhodamine-B.
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1. Introduction

The industrial sector involves the wide application of
adsorption processes, including cleaning process streams
and removing pollutants from wastewater (Sayed et al.,
2024a, b; Chauhan et al., 2025; Nisar et al., 2025). Even
though adsorption is widely used in industrial settings,
these processes entail a complex web of physicochemical
phenomena, including intraparticle diffusion, the kinetics
of adsorption at the adsorbent site, and the mass transfer
of chemical species from the fluid phase to adsorbent
particles (Hanafiah et al., 2024; Selvanarayanan et.al.,
2024). Although the process of adsorption is very complex,
the first and most important step in this study is the
determination of the adsorption isotherm and. the
parameters of that model. The isothermal equations show
the link between the fluid and solid phases' concentrations
and characterize the adsorption process's. equilibrium
conditions at a specific temperature. Thus, a precise
mathematical representation of‘an equilibrium isotherm is
crucial for the efficient designiof sorption systems.

Many isotherm models can be used to analyze
experimental data and understand how adsorption takes
place. It is not possible to use a specific method for
selecting the best-fit isotherm. Currently, non-linear or
linear equations are applied to determine the isotherm
constants with one adsorbate (Liu et al., 2024; Mahesh et
al., 2024). Nowadays, the non-linear regression method is
believed to be the most efficient way to find the optimal
isotherm.. Optimal adsorption isotherms are calculated
using the least squares technique, as reported by several
researchers (Kumar and Porkodi, 2006; Abdulhameed et
al., 2025). An error function is needed to apply this method.
When the differences between the data used for
calculations and the observed results are small, the
isotherm parameters can be determined. It has also been
noticed that sometimes the parameters obtained from
linear regression differ from those gained through non-
linear regression (Slimani et al.,, 2014). The non-linear
technique works towards minimizing the variation
between the experimental results and what is expected
from the isotherm.
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During recent years, researchers have relied on methods
such as the coefficient of determination, sum of squared
errors, hybrid error functions, average relative error, and
the sum of absolute errors to find the optimal isotherm
equation (Paluri/ et al, 2022; Umeh et al., 2024;
Venkatraman et al., 2024; Radha et al., 2025; Suresh et al.,
2025). The focus is on linear regression alongside isotherm
models named Langmuir, Freundlich, Dubinin-
Radushkevich, and Temkin. These isotherms are chosen in
this study due to their wide range of assumptions and their
applicability, which gives extensive insights into the
adsorption process and the interactions between the
adsorbate and adsorbent. Non-linear regression analysis
was applied to these adsorption isotherms, and a
comparison was made between linear and non-linear
regression techniques. Furthermore, the results were
examined for their accuracy and overall fit using the errors
and statistical methods previously mentioned. This work
involves the application of linear and non-linear adsorption
isotherms for the adsorption of Rhodamine-B dye on CaO
nanoparticles. Moreover, the environmentally friendly
synthesis of CaO nanoparticles through the utilization of a
novel green material of Mulberry leaf extract. Instead of
chemical-based reducing agents, the green extract is
employed to synthesize CaO NPs with excellent properties
for the remediation of Rhodamine B from wastewater. The
primary objective of this study was to assess the suitability
of statistical methods in determining the outfitting
isotherm model. Thus, for both linear and non-linear forms
of adsorption, various error functions were applied to
facilitate the decision for the best-fit data set. To our
knowledge, no study has been conducted on normalizing
and combining the error results, a procedure called the
sum of normalized errors for each set of parameters from
which the lowest normalized error set was selected.

2. Materials and methods

The method involved the green synthesis of calcium oxide
nanoparticles by employing the Mulberry leaf extract.
These nanoparticles were applied for the adsorption of
Rhodamine B dye. All chemicals were obtained from Sigma

Global NEST Journal, 28(XX), 1-12



ERROR FUNCTION-BASED EVALUATION OF LINEAR AND NON-LINEAR ISOTHERMS 3

Aldrich with 98% purity, and Mulberry leaves were
collected from the Botanical Garden of the University of
Sargodha. After the extraction of the leaf extract, it was
employed for the green synthesis of Cao NPs. For the
synthesis purpose, 1.64 g of Calcium nitrate was dissolved
in 100 mL of water to prepare a solution. A 10 mL leaf
extract was mixed with 10 mL of calcium nitrate solution
and heated with constant stirring. Sodium hydroxide was
added dropwise to the above solution which resulting in
the formation of white precipitates of CaO NPs.
Synthesized NPs were filtered, dried, and used for
adsorption purposes (Figure 1). Various characterization
techniques characterized the bio-synthesized adsorbent.
The dye stock solution was prepared by dissolving 1g of
Rhodamine-B into 1000 mL of distilled water. This solution
was further diluted for various adsorption experiments.

—
“\\uxhing & Cutting
of Leaves

d \
Mulberry Plant

NaOH
added 10 ml of
dropwise Ca(NO, 41,0

Figure 1. Scheme of Synthesis of CaO NPs
2.1. Investigations and experimental procedures

The effect of various experimental parameters including
the initial concentration dye (varied from 20 to 100 ppm),
amount of adsorbent (0.2 to 0.6 g), pH (2 to .10)
temperature (30 to 70 °C), and effect of contact time (30 to
150 minutes) on the adsorptive removal of Rhodamine-B
dye by CaO NPs was studied in batch mode. In every
adsorption experimental procedure, the solution of the dye
with the adsorbent was shaken using the orbital shaker at
a constant speed of 150 rpm. Rhodamine-B dye's residual
concentration was measured  using a UV-visible
spectrophotometer at'550 nm wavelength absorption for
Rhodamine-B dye. Various adsorption isotherms, kinetics,
and thermodynamics were applied to the experimental
data. Linear-and non-linear forms of adsorption isotherms
are studied, and their analysis by error functions to
determine the best-fitted model is provided below.

2.2. Linear forms of isotherm models

Because they are easy to calculate, linear interpretations of
adsorption isotherms are typically employed to choose the
most appropriate model for the adsorption system or to
calculate the isotherm parameters. In this study, linear
forms of four types of adsorption isotherms, including
Langmuir, Freundlich, Dubinin-Radushkevich, and Temkin,
are used to determine the best-fitting model for the
adsorption of Rhodamine-b dye by CaO NPs. It describes
the process of adsorption onto a surface with a known
number of sites by forming just one monolayer (Chen et al.,
2025). On the X-axis, this graph includes 1/Ce, and on the Y-
axis, it has 1/ge. In this example, ge shows the amount
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adsorbed at equilibrium by a certain weight of material,
and C. refers to the concentration of the adsorbate (mg L
1) at equilibrium. The values for gmax and K, for the Langmuir
isotherm are found by analyzing the slope and intercept of
the line on the graph.

Unlike the Langmuir approach, the Freundlich model
examines the adsorption of molecules in more than one
layer (Freundlich, 1906). The values of K¢ and n¢ in the
Freundlich model come from the slope and intercept in the
graph. For this case, the dimensionless adsorption intensity
is ng, and the Freundlich isotherm constant is K (mg g™ (mg
L") /n).

Nasir et al. (2025) suggest that the Dubinin-Radushkevich
isotherm is used to study how adsorption happens on a
heterogeneous surface. The isotherm ‘is employed to
explore the distinction between physical and chemical
adsorption (Dubinin, 1960). When drawing this model’s
graph, €2 is plotted against’Inge: Kpriis-the constant (mol?
kJ?) used in the Dubinin-Radushkevich model, € is the
Polanyi potential (mol®> kJ?), and gmpr stands for the
maximum possible'capacity on the isotherm (mg g™).

The Temkin “model explains various ways that the
adsorbate and the adsorbent can influence one another. It
implies that the heat of adsorption gets lower when the
area.of coverage is larger (Temkin, 1940; Nasir et al., 2025).
Slope and intercept are used to work out the Ky and Brof a
line.

2.3. Non-linear forms of adsorption isotherms

Some computer-related techniques have been developed
to try out different parameters, to investigate the
characteristics of non-linear isotherms. In addition, the
scientists study non-linear adaptations of the Langmuir,
Freundlich, Dubinin-Radushkevich, and Temkin isotherms.
The parameters are determined and checked against the
linear equations, so the appropriate and most suitable
model can be found for absorbing Rhodamine-B dye. The
graph showing the Langmuir isotherm uses the values of Ce
VErsus e.

The Freundlich model is the first to illustrate reversible
adsorption processes that occur at non-ideal conditions. In
the case of the non-linear representation, the graph is
plotted with C. against qe, and K¢ and n¢ are derived from
the graph.

Another empirical model, initially developed to illustrate
the adsorption process using a pore-filling mechanism, is
the Dubinin-Radushkevich model. The graph of Ce vs geis
plotted for the non-linear form of this isotherm to obtain
the parameters such as the maximum monolayer
adsorption capacity predicted by the Dubinin—
Radushkevich isotherm (gmpr) and the Dubinin—
Radushkevich constant (Kpg). Similarly, the non-linear form
of the Temkin isotherm is plotted with Ce vs ge isothermal
parameters, including Ky and By determined from this
graph.

2.4. Error functions and statistical tools

An analytical model that shows a dataset is called a best-fit
model. This model is utilized to identify the parameters
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that correctly describe and identify the dataset, as well as
the adsorption process and isotherms. The error function
indicates the differences between the dataset and the
best-fit model. Statistical functions are used to determine
the suitability of the fit, the similarity among the different
groups, and the correlation (Mahajan et al., 2023). For both
linear and non-linear forms of adsorption isotherms, the
following error functions which are applied include chi-
square test (Chi-Sg/x?), hybrid fractional error function
(HYBRID), coefficient of determination (R?), the sum of
normalized errors (SNE), average relative error (ARE), the
sum of absolute errors (EABS), average percentage error
(APE/ARED), second-order corrected Akaike information
criterion (ALCc), student's T-test, and F-test. These
functions are utilized to compare the best applicability of
linear and non-linear regression methods and to find the
most accurate isotherm model for the experimental
equilibrium data. The smaller the values of all error
functions, and the larger the values of R?, T-test, and F-test,
the more accurate the isotherm model.

2.4.1. The sum of squares errors (RSS/ERRSQ)

It is among the frequently used error functions (Kumar and
Sivanesan, 2006). Higher liquid-phase concentration levels
tend to increase the intensity of error values and,
consequently, squared errors. This results in a more precise
fit for the determination of isotherm parameters.

2.4.2. Average relative error deviation (ARED/APE%)

Marquardt introduced the ARED to minimize the fractional
error distribution throughout the full range® of
concentrations. This model distorts the experimental data
(Kapoor and Yang, 1989).

2.4.3. The sum of absolute errors (EABS)

This function is like the ERRSQ, as the error increases, a
better fit will be suggested, emphasizing the data with
higher concentrations (Voudrias etal., 2002).

2.4.4. Hybrid error function (HYBRID)

Created by Kapoor and Yang (1989), it optimizes the fit of
ERRSQ at a decreased.concentration by normalizing with
the measured value.

2.4.5. Coefficient of determination (R?)

R? falls within the.range of 0 to 1 due to its squared form,
ensuring positivity (Kumar and Sivanesan, 2006).

2.4.6:.Chi-Sq/x2

Employing this non-linear analysis is crucial to ensure the
optimal fit of an adsorption system. A better one will have
the lowest values of ¥?, which diminishes the deviation
between the experimental and theoretical values (Rana
and Singhal, 2015).

2.4.7. G? test-statistic

The natural logarithm of the ratio obtained by dividing the
observed number by the projected number is the G? test
statistic. Each logarithm is multiplied by the observed
number, and the results are then put together and
doubled. It is alternatively known as the log-likelihood test
or likelihood ratio test (Aslam et al., 2024).
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2.4.8. Sum of normalized errors (SNE)

Using several error functions has the drawback of
producing too many parameters for the isotherms to
compare. The researchers use a conventional approach
known as the sum of the normalized error to predict a
meaningful comparison among the sets of parameters and
to determine the best-fitting isotherm (Kapoor and Yang,
1989; Akhtar et al., 2024). The parameter set that results in
the smallest values of the sum of normalized error is
regarded as optimal for the provided isotherm.

2.4.9. Students’ T-test

The purpose of this test is to ascertain whether the two
datasets differ significantly from one another. Specifically,
it contrasted the computed and observed data, which show
the modeled and experimental -equilibrium solid-state
adsorption capabilities, respectively. The paired T-test with
a two-tailed distribution was_performed for the applied
isotherm models utilizing the formula function in Microsoft
Excel (Mahajan et al., 2023).

2.4.10. F-test

The F-test is applied to verify the goodness of fit between
the observed and experimental data. The function was
directly computed using the formula syntax of Microsoft
Excel (Qutram et al., 2021).

3. Results and discussions
3.1.Linear fitting of the isotherm models

Linear’ forms of four adsorption isotherms, including
Langmuir, Freundlich, Dubinin-Radushkevich, and Temkin,
are represented in Figure 2. The isothermal parameters
and their correlation coefficient are summarized in Table 1.
In the Langmuir isotherm, the monolayer adsorption
capacity for the formation of the monolayer of Rhodamine-
B onto the CaO NPs was 57.5373 mg g*. The favorability of
the Langmuir model for adsorption purposes is analyzed by
a dimensionless factor R.. If R ranges from 0 to 1, it
indicates the best applicability of the Langmuir isotherm to
the adsorption system. Table 1 shows that the value of R,
calculated for this isotherm is in this range. Moreover, the
value of R? for the Langmuir model is close to unity, which
shows that this model is compatible with the present work.

In the Freundlich isotherm, the adsorption intensity (1/ng)
ranges from 0 to 1, which reflects the favorable adsorption
(Lavecchia et al., 2024). In addition, adsorption is known to
be either physical or chemical, depending on whether nF is
greater than or less than one, respectively (Ifelebuegu,
2012). So, the adsorption process was simple to happen
when 1/n was less than 1, but it became more difficult
when 1/n was greater than 1 (Mohamed et al., 2025). Since
nF is greater than 1, the study demonstrates physical
adsorption, while 1/nF is 0.86821, which agrees with other
studies that showed Rhodamine-B adsorbed favorably (Foo
and Hameed, 2010).

Thanks to the Dubinin-Radushkevich isotherm, identifying
whether sorption is physical or chemical can be much
easier. When E is less than 8 kJ mol?, the process is called
physisorption, and when E is from 8 to 16 kJ mol?, it is
known as chemical adsorption. Here, the E value is higher
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than 8 kJ mol?, which proves that chemical adsorption
occurs. Based on previous work, the R? value reveals that
this model is ideal for the current adsorption system
(Inyinbor et al., 2016).

By analyzing the Bartlett temperature, we can recognize
whether physisorption or chemisorption is taking place on
a solid. When BT is less than 1, the adsorption happens due
to physisorption (Latif et al., 2025). Since the BT in Table 1
equals 0.62, this suggests that adsorption is a physical
process. Also, the R? value demonstrates whether the
model is appropriate for the study of adsorption at hand. It
has been found that the adsorption of Rhodamine-B by CaO
NPs is accomplished by both physicochemical and chemical
processes. Several scientific works suggest that the surface
can have both physical and chemical adsorption by
allowing both types of layers to be present on top of
surface molecules (Dixit et al., 2024; Kanwal et al., 2024).
The fact that the Langmuir isotherm gets a higher R? value
than the others proves it is the best-suited model for the
adsorption of Rhodamine-B onto CaO NPs.

Langmuir Isotherm(Lincar)

0.6{ Freundlich Isotherm (Linear)

Equation
sothorm Fre inear)
intercept 004167 2 0.05702 |
Siope 086821 % 012014
R.Sum of Squares.

Pearscn's 0.97248
. R-Square (COD) 004567
082757

2 -0.2
00 02 04 06 08 012 0.0 0.2 0.4 0.6 [X]
e,

D-R Isotherm (Linear)

7508108 K0OF-108 K501 08 9,007 08 250108 L00F109 105K109 1108109 0.5 - -
2 0.0 (] 10 15 20
€ InC,

Figure 2. Linearized isotherm models show rhodamine-B
adsorption by CaO NPs

Table 1. Linearized isotherm parameters. Where RL = separation factor, gmax = the maximum theoretical amount of a substance that an
adsorbent can hold per unit mass of the adsorbent, K. = Langmuir constant, R? = coefficient of determination, K¢ = Freundlich constant,
nF = adsorption intensity, gmpr = the maximum possible capacity on the isotherm (mg g7!), Kor = Dubinin-Radushkevich constant, Ky =

Toth isotherm constant, and Bt = Temkin isotherm constant

Isotherms (Linear-

Characteristic parameters of corresponding isotherms for adsorbate (rhodamine-B dye) and adsorbent

Forms) (CaO NPs)
Langmuir R.=0.7710718 Omax = 57.53739931 K(=0.014844804 R2=0.98537
Freundlich Kr=0.908510603 1/np=0.86821 ng=1.171795 R2=0.92757
Dubinin-Radushkevich qmor = 0.00082655 Kpr=5.80E-09 E=9.28E+03 R2=0.93997
Temkin Kr=3.739320087 Br=0.624609619 - R2=0.94687

Table 2. Non-linearized isotherm parameters where gmax = the maximum theoretical amount of a substance that an adsorbent can hold
per unit mass of the adsorbent, K| = Langmuir constant, R? = coefficient of determination, K¢ = Freundlich constant, qmpg = the maximum
possible capacity on the isotherm (mg g™"), Kpr = Dubinin-Radushkevich constant, Ky = Toth isotherm constant, and By = Temkin isotherm

constant

Isotherms (Non-linear forms)

Characteristic parameters of corresponding isotherms for adsorbate (Rhodamine-B dye) and

adsorbent (CaO NPs)

Omax = 7.54362

Langmuir

K.=0.1647

R2=0.92024

Kr=1.1398

Freundlich

1/n=0.6787

R2=0.87506

ok = 8.07805E-6

Dubinin-Radushkevich

Kpr = 4.14378

R? =0.93745

Kr=1.67288

Temkin

Br=1.601

R? = 0.94687

3.2. Non-linear fitting of isothermal models

Non-linear forms of the four adsorption isotherms are
given in Figure 3. The values of their isothermal
parameters, including values of correlation coefficients, are
given in Table 2. The higher values of R? are obtained by the
non-linear fitting of Temkin (R? = 0.94687), Dubinin-
Radushkevich (R?= 0.93745), and the Langmuir model (R?=
0.92024) as compared to the Freundlich adsorption
isotherm. The comparison of R?signifies that the Temkin,

https://doi.org/10.30955/gnj.07629

Dubinin-Radushkevich, and Langmuir isotherms best fit the
experimental data, whereas the Freundlich isotherm
model cannot. Moreover, the maximum adsorption
capacity values obtained using the non-linear form of the
Langmuir and Temkin models fit closely with the
experimental data. This illustrates these isotherms' ideal
and successful modeling of the present adsorption
systems. The fitting of non-linear models by comparing R?
values follows the pattern. Temkin > Dubinin-Radushkevich
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> Langmuir > Freundlich. However, a valuable and accurate
comparison can be obtained by using the various error
functions rather than only R? analysis (Benmessaoud et al.,
2020).

3.5 Langmuir Isotherm (Non-Linear)

i

3.5 Freundlich Isotherm (Non-Linear)

30

n

S

Equation KFCer (i)
Isothenn Freundich (Non-Linear)
KE 1.1398.40.23927

n 1.47339 £ 032245
R.Sum of Suares 0.48084
Reduced Chi-Sar 0.16028
094018 ) R-Square (COD} 09063

Adj RSquare 087508

q. (mg/g)

Eauatin (mKL"Cel{1+KL"Cel
sctren

Langmur (Non-Lineer]
754362 £ 257986 15

K 0184712009118

Rescual Sum of Square. 030805

Reduced Chi-Sar 010232 1.0

am

. R-Square (COD) .
Ad RSquere 092024

1 3 1

6

3 4 2 3 4
C, (mg) Ce (mg/L)

D-R Isotherm (Non-Linear) 3.5 Temkin Isotherm (Non-Linear)

[emOR"erp(-KDRR T Ln(141Ce)

4
5

qe (mg/g)
qe (mg/g)

Eouation STIn(KTCe)
Isothern Temiin(Non-Lnear)
8 1601 40,1831

0000003 1) KT 167288 £ 030465
R.um of Squares, 0423812 R Sum of Squares 020448
0.000002 i 3 T4GTHETD 1.0 Reduced Chi-Sar 008816
s R-Squars (COD) 085303 R-Square (COD) 096015
Ad) R-Square osoras A, R-Square 09887

000

5 6 1 2 5 6

3 4 3 4
Ce(mg/L) Ce (mg/L)

Figure 3. Non-linearized isotherm models showing rhodamine-B
adsorption by CaO NPs

3.3. Error analysis for optimization of linear isotherms

To identify the availability of linear adsorption isotherms
and to determine the best fitting isotherms, various error
functions were applied, and their values are depicted in the
Table 3. A comparison was made between linear forms to
identify the best applicable model among all linear forms
of adsorption isotherms. The Langmuir isotherm value of
Chi-Sq/x?, G2, and HYBRID is less than Temkin but_higher
than the Freundlich and Dubinin-Radushkevich isotherms.
The values of ARE and APE (%) are below Freundlich’s but
higher than the Dubinin-Radushkevich and Temkin'models.
The values of RSS and ALC. are lower:than all .other
isotherms. In the Freundlich isotherm, the values of Chi-
Sq/x%, EABS, HYBRID, and G? arevlower than those of
Langmuir and Temkin but superior. to the Dubinin-
Radushkevich isotherm. But.its.values of ARE and APE are
highest among all other isotherms, and the values of RSS
and ALC. are lower..than Dubinin-Radushkevich and
Temkin, but higher than the Langmuir model. The
comparison of .error function values of the Dubinin-
Radushkevich model indicates that its Chi-Sq/x?, EABS, ARE,

NASIR et al.

HYBRID, and G? are the lowest among all linear forms of
other isotherms. Alc is also less than all the isotherms,
except the Langmuir model. APE is lower than Langmuir
and Freundlich, but higher than the Temkin isotherm.
When Temkin’s error functions are contrasted with the
error functions of all other isotherms, it demonstrates the
following results are demonstrated. Its Chi-Sq/x?, G* RSS,
and HYBRID function values exceed all other models. APE
value is under all other models, EABS value is lower than
Langmuir but larger than Dubinin-Radushkevich and
Freundlich isotherms, ARE is smaller than Freundlich and
Langmuir, but above than Dubinin-Radushkevich model,
and ALC, value dominates all isotherms. The values of these
error functions make it difficult to choose the best-aligned
model. Thus, a valuable comparison is made usingthe good
fit functions, including the Student’s T=test, F-test, R?, and
SNE. Enhanced values of R?, student’s T-test, F-test, and the
smallest value of SNE suggest the most accurate model
(Hadi et al., 2010). When these error functions of all
isotherms were compared, the subsequent outcomes were
recorded.

T-Test = Langmuir > Temkin > Freundlich > Dubinin-
Radushkevich

F-Test = Langmuir > Temkin> Dubinin-Radushkevich >
Freundlich

R? = Langmuir > Temkin > Dubinin-Radushkevich >
Freundlich

SNE =_Freundlich > Temkin > Dubinin-Radushkevich >
Langmuir

It is evident from the result that the values of the T-test, F-
test, and R? are dominant for the Langmuir isotherm
against all other models, and its value of SNE is the smallest
of all other isotherms. As is also clearly indicated in Figure
4. When the fit tools values of each linear form of the
adsorption isotherm were drawn graphically. This
highlights the Linear form of the Langmuir adsorption
isotherm excellent fit model compared to other models for
the adsorption of Rhodamine-B dye, as documented in the
literature (Batool et al., 2025; Usman et al., 2025). Thus,
the order of fitting of linear models is Langmuir > Dubinin-
Radushkevich > Temkin > Freundlich.

Table 3. Values of error functions and fit tools of linearized models (Nebaghe, El Boundati et al., 2016)

Error function model

Isotherm model (Linear)

Langmuir Freundlich Dubinin-Radushkevich Temkin
ERRSQ/RSS 0.0077098 0.015699 0.068980854 0.204481724
EABS 8.65288E-06 -3.2E-06 -3.94894E-05 1.21E-06
ARE 0.139893444 2.594482 -0.002 -0.05725
ARED/APE (%) 0.559573776 10.37792837 -0.008 -0.22899
Chi-Sq/x? 0.024175 0.011897 -0.00573 0.08930425
HYBRD 0.604371313 0.29742921 -0.14327 2.232606
ALC, -31.573479 -28.0179 -20.61682099 -15.1836
G? 0.026725748 0.006895 -0.00581171 0.088950597
Students’ T-test 0.999981 0.999982 0.99989 0.999998
F-test 0.991724664 0.958126973 0.965461529 0.969513
SNE -29.54254804 -1.326648338 -20.68916502 -5.32761018
R? 0.98537 0.92757 0.93997 0.94687

https://doi.org/10.30955/gnj.07629

Global NEST Journal, 28(XX), 1-12



ERROR FUNCTION-BASED EVALUATION OF LINEAR AND NON-LINEAR ISOTHERMS

Table 4. Values of error functions and fit tools of non-linearized models (Fil 2023).

Isotherm model (Non-Linear)

Error Function Model

Langmuir Freundlich Dubinin-Radushkevich Temkin
ERRSQ/RSS 0.306951 0.48084 1.04923E-12 0.204481724
EABS -0.14093 -0.10288 3.80943E-07 3.07084E-06
ARE 1.5347572 1.86161 1.558145091 -0.05727
ARED/APE (%) -6.469249693 -7.44644 6.23258 -0.22908
Chi-Sq/x? 0.161507 0.258304 4,5183E07 0.089304
G? -0.1282 0.034479 1.37E06 0.088953853
HYBRID 4.037685 6.457596006 1.12957E%5 2.232596
ALC. -13.15251816 -10.9083 -28.39240104 -15.18357294
R? 0.92024 0.875063 0.93745 0.94687
Students. T-Test 0.8301 0.900621 0.75282302 0.9999954
F-Test 0.847642 0.8476768 0.919974151 0.9695088
SNE -3.19595333 -1.88597 -3.151445594 -5:32931513
5. Comparison of Linearized Model 3.4. Evaluation of non-linear isotherms by error function
) models
0.92757  0.94687 0.99927 0.9998 0.95813  0.96951 . ) | . )
e et | -1.32665 Like the linear forms of ‘adsorption isotherms, different
T ' J error function models are also“applied to the non-linear
-5 I Langmuir (Linear) forms of Langmuir, Freundlich, Dubinin-Radushkevich, and
[ Freundiich(Linear) sawmt Temkin isotherms to find out the ideal model among all of
-104 [ Dubinin-Radushkevich(Linear) these. The values of their error functions are summarized
[_ITemkin (Linear) in Table 4. Table 5 illustrates the comparison of error
15 - function values of non-linear forms of adsorption
isotherms. Itis clear from the comparison that the Dubinin-
220 - Radushkevich isotherm has the highest values of all error
0een functions, except the HYBRID and ALCc error functions.
254 Moreover, although the values of error functions for non-
linear forms of the Freundlich isotherm are lower than
304 = Dubinin-Radushkevich, its SNE value is the highest among
all other isotherms, and the R? value is below the R? values

T T
R2 Student’s. T-Test F-Test
Fit Tools

T
SNE

Figure 4. Plot showing the comparison of linear models by the fit
tools

of adsorption isotherms, including Dubinin-Radushkevich,
Langmuir, and Temkin. Thus, the non-linear form of the
Freundlich isotherm does not fit best in the present
adsorption study.

Table 5. Comparison of non-linearized models by error functions (Hadi, Samarghandi et al., 2010)

Error Functions

Isotherm Models Comparison

ERRSQ/RSS Dubinin-Radushkevich > Freundlich > Langmuir > Temkin
EABS Dubinin-Radushkevich > Temkin > Freundlich > Langmuir

ARE Dubinin-Radushkevich > Langmuir > Freundlich > Temkin
ARED/APE (%) Dubinin-Radushkevich > Temkin > Langmuir> Freundlich
Chi-Sq/x? Dubinin-Radushkevich > Freundlich > Langmuir > Temkin
G? Dubinin-Radushkevich > Temkin > Freundlich > Langmuir
HYBRID Freundlich > Langmuir > Temkin > Dubinin-Radushkevich
ALC, Freundlich > Langmuir > Temkin > Dubinin-Radushkevich

R? Temkin > Dubinin-Radushkevich > Langmuir > Freundlich
Students’ T-Test Temkin > Freundlich > Langmuir > Dubinin-Radushkevich
F-Test Tembkin > Dubinin-Radushkevich > Freundlich > Langmuir
SNE Freundlich > Langmuir > Dubinin-Radushkevich > Temkin

In the Langmuir isotherm, values of its error functions are
lower than Freundlich isotherm; furthermore, its R? value
is larger, and its SNE value is less than that of the Freundlich
isotherm. Thus, the non-linear form of the Langmuir
isotherm better fits the adsorption of Rhodamine-B
compared to a non-linear form of the Freundlich isotherm.

https://doi.org/10.30955/gnj.07629

The values of most error functions for Temkin isotherms
are the least of all other isotherms. Additionally, its R?, t-
test, and F-test values are maximum, and its SNE value is
lower than all non-linear forms of adsorption isotherms. As
demonstrated in Figure 5. This illustrates the graphical
comparison of fit tools for each non-linearized model.
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These outcomes suggested that the non-linear form of
Temkin isotherms best describes the adsorption of
Rhodamine-B dye by CaO NPs. Thus, the fitting of non-
linear models follows the order Temkin > Dubinin-
Radushkevich > Langmuir > Freundlich.

3.5. The comparison of linear and non-linear forms

To identify the best model among all these isotherms, a
comparison of the linear and non-linear versions of each
adsorption isotherm was also carried out, utilizing a variety
of error functions and fit methods. The comparison of
various error functions for both forms of Langmuir
isotherm indicates that values of most error functions for
the non-linear form are larger than for the linear form
(Table 6). A valuable comparison was performed by
graphically comparing the fit tools for both forms. Thus, a
graphical comparison of fit tools for linear and non-linear
forms of each adsorption isotherm is represented below. It
is evident from the graphical comparison that R?, Student’s
T-Test, and F-Test values of the linear form of the Langmuir

NASIR et al.

isotherm are larger than the non-linear form (Figure 6).
Furthermore, the sum of normalized error for the linear
form is also smaller than the non-linear form, thus the
linear form of the Langmuir isotherm provides a better fit
than the non-linear form. The applicability of the Langmuir
model to the adsorption of Rhodamine-B is reported in the
literature (Khamparia and Jaspal, 2016).

In the same way, error function values for both linear and
non-linear forms of the Freundlich isotherm were
compared (Table 7). The comparison indicates that most
error functions in non-linear forms have values exceeding
those in linear forms. An insightful comparison was
obtained by comparing the fit tools provided in Figure 7. R?,
T-test, and F-test values are larger for the linear form, but
the standard procedure (sum of normalized error) value is
smaller for the non-linear form. As a result, the non-linear
form of the Freundlich isotherm is more compatible than
the linear form.

Table 6. Comparison of linear and non-linear Langmuir isotherms (Rahman and Sathasivam 2015)

ERRSQ/RSS Langmuir (Linear) < Langmuir (Non-Linear)
EABS Langmuir (Linear) > Langmuir (Non-Linear)
ARE Langmuir (Linear) < Langmuir (Non-Linear)
ARED/APE (%) Langmuir (Linear) > Langmuir (Non-Linear)
Chi-Sq/x? Langmuir (Linear) < Langmuir (Non-Linear)
G, Langmuir (Linear) > Langmuir (Non-Linear)
HYBRID Langmuir(Linear) < Langmuir (Non-Linear)
ALCc Langmuir (Linear) < Langmuir (Non-Linear)
R? Langmuir (Linear) > Langmuir (Non-Linear)
Students’ T-test Langmuir (Linear) > Langmuir (Non-Linear)
F-test Langmuir (Linear) > Langmuir (Non-Linear)
SNE Langmuir (Linear) < Langmuir (Non-Linear)
Table 7. Comparison of linear and non-linear Freundlich models
ERRSQ/RSS Freundlich (Linear) < Freundlich (Non-Linear)
EABS Freundlich (Linear) < Freundlich (Non-Linear)
ARE Freundlich (Linear) > Freundlich (Non-Linear)
ARED/APE (%) Freundlich (Linear) > Freundlich (Non-Linear)
Chi-Sq/x? Freundlich (Linear) < Freundlich (Non-Linear)
G? Freundlich (Linear) < Freundlich (Non-Linear)
HYBRID Freundlich (Linear) < Freundlich (Non-Linear)
ALC. Freundlich (Linear) > Freundlich (Non-Linear)
R?2 Freundlich (Linear) > Freundlich (Non-Linear)
Students’ T-test Freundlich (Linear) > Freundlich (Non-Linear)
F-test Freundlich (Linear) > Freundlich (Non-Linear)
SNE Freundlich (Linear) > Freundlich (Non-Linear)

Table 8. Comparison of linear and non-linear Dubinin Radushkevich models

ERRSQ/RSS

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear

EABS

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear

ARE

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear

ARED/APE (%)

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear

Chi-Sq/x?

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear,

GZ

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear,

HYBRID

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear

ALCc

Dubinin-Radushkevich (Linear) > Dubinin-Radushkevich (Non-Linear,

R2

Dubinin-Radushkevich (Linear) > Dubinin-Radushkevich (Non-Linear,

Student’s T-test

N R R i R i R P R Py R i R P R P R )

Dubinin-Radushkevich (Linear) > Dubinin-Radushkevich (Non-Linear

F-test

Dubinin-Radushkevich (Linear) > Dubinin-Radushkevich (Non-Linear)

SNE

Dubinin-Radushkevich (Linear) < Dubinin-Radushkevich (Non-Linear)
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29 Comparison of Non-Linearized Models
1 o oszs 0837 os3or 075282
0 T 0.87506 0.94687 0.90062 1 0.84764  0.91997
I Langmuir (Non-Linear)
-1 [ Freundiich (Non-Linear)
Il Dubinin- Radushkewch (Non-Linear)
24 [ Temkin (Non-Linear)
-3
-3.19505 ~3.15148
-4
.54
-5.32932
-6 T T T T
R2  Student’s. T-Test F-Test SNE
Fit Tools

Figure 5. Comparison of non-linearized models by fit tools

The analysis of linear and non-linear forms of the Dubinin-
Radushkevich isotherm illustrated that non-linear forms
have the highest values of the error function, and lower
values of fit tools such as R?, T-test, and F-test (Figure 8 and
Table 8). Furthermore, the value of SNE was also found to
be larger than that of the linear form. The outcome of this
evaluation of both forms suggested more applicability of
the linear form than the non-linear form of this model.

While analyzing the error function and fit tool values for
linear and non-linear forms of the Temkin model, it was
revealed that no issues were encountered while
transforming the non-linear Temkin form into its linear
form (Table 9 and Figure 9). Moreover, the values of error
functions were found same for both forms. Both forms of
the Temkin isotherm were proven better for the present
adsorption study.

[ Langmuir (Linear)
s [ Langmuir (Non-Linear),
0.8301 0.8476 0.92924
I = I I .
0 0.9999 0.9917 0.98537 -
5 -3.19595
-10
-154
2204
225
-30 -29.54255
T T T T
Student’s. T-Test F-Test R2 SNE
Fit Tools

Figure 6. The relationship between linear and non-linear
Langmuir isotherms with the fit tools of rhodamine-B adsorption
by CaO NPs

Table 9. Comparison of linear and non-linear Temkin models (Sivarajasekar and Baskar 2014)

ERRSQ/RSS Tembkin (Linear) = Temkin (Non-Linear)
EABS Tembkin (Linear) < Temkin (Non-Linear)
ARE Temkin (Linear) = Temkin (Non-Linear)

ARED/APE (%) Temkin (Linear) = Temkin (Non-Linear)
Chi-Sq/x? Temkin (Linear) = Temkin (Non-Linear)

G2 Temkin (Linear) = Temkin (Non-Linear)
HYBRID Temkin (Linear) = Temkin (Non-Linear)
ALCc Temkin (Linear) = Temkin (Non-Linear)

R2 Temkin (Linear) = Temkin (Non-Linear)
Students’ T-Test Temkin (Linear) = Temkin (Non-Linear)
F-Test Temkin (Linear) = Temkin (Non-Linear)

SNE Temkin (Linear) = Temkin (Non-Linear)

4. Conclusions

The linear. and. non-linear forms of each adsorption
isotherm were contrasted. Error functions such as
ERRSQ/RSS, ARE, EABS, APE/ARED, (ALC.), (Chi-Sa/x?), G2,
HYBRID, a standard procedure called the sum of
normalized errors (SNE), and fit tools including (R?),
Student’s T-test, and F-tests were successfully applied to
each form. This study proceeded by contrasting all linear
forms with each other, evaluating all non-linear forms with
each other, and finally comparing each non-linear form
with non-linear forms of adsorption isotherms to analyze
the most applicable model to the adsorption of
Rhodamine-B by CaO NPs. The results indicated that the
Langmuir isotherm was identified as more suitable (T-test
=0.999981, F-test = 0.991724664, and R? = 0.98537) than
all other linear forms. Likewise, the analysis of non-linear

https://doi.org/10.30955/gnj.07629

forms provided the Temkin model as more beneficial, with
the lowest values of all error functions and the largest
values of fit tools, including R, (0.94687), T-test (0.969513),
and F-test (0.999998). Evaluation of each linear form with
a non-linear form illustrated the following results. The
linear Langmuir model was noted as best fitted with the
largest values of fit tools and lowest normalized errors
(0.0077098) than the non-linear Langmuir isotherm
(0.306951). Non-linear Freundlich was identified as more
beneficial than the linear Freundlich isotherm. The linear
Dubinin-Radushkevich isotherm best describes the present
adsorption study better than the non-linear Dubinin-
Radushkevich model. In the Temkin isotherm, the
conversion of the non-linear form into its linear form
proceeded without any problem. Moreover, they had the
same error functions and isothermal parameters. As a
result, it was shown that non-linear modeling significantly
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better represents experimental data than linearized
models, with the total meaning of the error functions in
linearized models being noticeably larger than in the non-
linear model. The ideal parameters for the isothermal
equation in this system are given by the error function. The
isotherm parameters need to be regarded as more
accurate for use in the design of commercial adsorbers
because they differ from the values derived from linearized
data analysis.

Freundlich (Linear)
Freundlich (Non-Linear)

1.0 4 0.90062 84768 0.87506 0-92757

0.99927 0.95813

-1.32665

-2.0 1 -1.88597

T T T
Student’s. T-Test F-Test R2 SNE
Fit Tools
Figure 7. The relationship between linear and non-linear
Freundlich isotherms with fit tools
L] Dubinin-Radushkevich (Linear)

54 Il Dubinin-Radushkevich (Non-Linear)
l 0.75282 | 0.91997 | 0.93745
01 o Py .
-3.15145

54
-104
154
204

-20.68917
Student’s. T-Test F-Test R2 SNE
Fit Tools

Figure 8. Therelationship between linear and non-linear
Dubinin-Radushkevich isotherms with fit tools

The kinetic data would help create suitable wastewater
treatment design technology. The pseudo-second-order
chemical reaction kinetics offer the best correlation of the
experimental data, and chemical reactions appear to be
important in the rate-controlling step for all systems under
study. The present work successfully describes the linear
and nonlinear forms of the models and error functions.
However, there is a limitation of the present work that a
limited dataset is utilized for the modeling purpose as well
as error analysis. For future work, it is recommended to
apply these models on a large data set, also the use of the
predicted dataset adds more knowledge for the readers. A

https://doi.org/10.30955/gnj.07629
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comprehensive study of the methods to overcome these
errors is also required to be addressed.

2- Il Temin (Linear)
Temkin (Non-Linear)

14 09998 1 0.96951 0.94687

04 -5.32932

0.96951 0.94687
-1
24
-3
4
-5
-5.32761

- T T T T

Student’s. T-Test F-Test R2 SNE

Fit Tools

Figure 9. The relationship between linear and non-linear Temkin
isotherms with fit tools
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