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ABSTRACT
A simple model is presented for the dynamic calculation of the sludge blanket height and
concentrations of suspended solids (diluted, sludge blanket and return sludge) in circular
secondary settling tanks. The model combines a mass balance equation with three empirical
equations, which account for the main processes. These equations form a non-linear,
dynamic system, which cannot be solved explicitly; thus, a trial-and-error method is adopted.
Field data were obtained from a full-scale treatment plant in transient and steady state
conditions and were used in the calibration, the verification and the application of the model.
Model calibration involved the determination of only two coefficients, which were found to be
relatively constant in various operating conditions. Model verification and application were
successful showing a satisfactory agreement with field data. A discrepancy of the model to
over-predict sludge blanket height during sudden hydraulic overloads was noted and
explained.
KEYWORDS: circular secondary settling tasks; diluted sludge concentration; dynamic
simulation; non-linear mathematical modelling; sludge blanket; steady-state analysis.
1.
INTRODUCTION
Biomass sedimentation in Secondary Settling Tanks (SSTs) plays a very important role in the
operation of Sewage Treatment Plants (STPs). It contributes to (a) sewage clarification, (b)
biomass thickening, and (c) storage of sludge in transient hydraulic or mass overloads thus,
protecting the operation from failure. All functions of a SST are related to the dynamic
behaviour of the sludge blanket. Sludge blanket is a compaction or sediment layer consisting
of Suspended Solids (SS), in the form of sludge flocs, reaching the bottom of the SST and
expanding upwards from the bottom of the SST. The height of the sludge blanket (Hsb) is
probably the most difficult parameter to estimate and one of the most important parameters
for the design and operation of SSTs. Without reliable prediction of the sludge blanket height
neither maximum SST loading nor appropriate design of SST configuration and equipment
are possible. To date, many SSTs usually operate far from the optimum design and operating
conditions. This is due to the fact that the height of the sludge blanket depends on several
parameters, such as overflow rate, OR (Metcalf and Eddy, 1991), sludge settling
characteristics; e.g. settling velocity (Vs) and Sludge Volume Index, SVI (Dupont and Dahl,
1995), influent MLSS concentration Xi (Joannis et al., 1999), recirculation ratio (r), scraper
velocity (Koch et al., 1999), which are difficult to calculate and control simultaneously.
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Due to the importance of the sludge blanket height, a significant number of mathematical
models has been developed aiming at the simulation of SSTs, including the dynamic behavior
of Hsb. The complexity of these models ranges from simple models, which treat a SST as an
ideal settling tank to sophisticated 2-D or 3-D CFD (Computational Fluid Dynamics) models,
which include the simulation of the hydrodynamics of SSTs (Krebs, 1995). One-dimensional
models have found wide acceptance in the simulation of SSTs, because they can be easily
calibrated with simple settling tests and plant measurements. CFD models have attracted the
interest of many researchers (see for example Lyn et al., 1992), because they provide a good
insight into the processes of hydrodynamics and sedimentation, as well as improved
calibration due to the fundamental basis of their structure. However, despite their validity and
sound basis, CFD models have not been used extensively in the design and operation of
SSTs, because they are generally considered to be too sophisticated to be directly applied in
real SSTs, especially in dynamic conditions (Stamou et al., 2000; Stamou, 2006). It is
expected, that in the next 10-15 years CFD models will be used in the design and operation of
SSTs (Stamou, 2003) but until then, simple empirical models can be applied. The majority of
the existing empirical models minimize the number of variables that need to be calibrated and
alleviate the need for dynamic data, which are rarely available. The main drawback of such
models is the assumption of steady-state conditions, which inherently neglects the dynamics
of the SS transfer from the inlet to the compression zone in the bottom of the SSTs. This
results in inadequate calibration and consequently in insufficient design, which may cause the
operation to fail, especially at dynamic conditions with hydraulic or mass overloads (Giokas et
al., 2002a). Therefore, the application of an empirical model in the design of SSTs requires its
testing and validation in transient conditions.
The present study deals with the presentation, calibration and application of such a model.
The proposed model combines theoretical and empirical equations to calculate (a) the sludge
blanket height and (b) the SS concentrations (diluted, sludge blanket and return sludge) in
full-scale circular SSTs. Field data were obtained from DELCORA (USA) STP to be used for
the calibration and verification of the model.
2.
MODEL DEVELOPMENT
2.1 The modeling concept
In Figure 1 a schematic representation of a SST is shown, which consists of the following 4
zones: (1) clarification, (2) dilution, (3) thickening and (4) compression. In these zones, the
following SS concentrations are defined: (1) Inlet concentration, Xi, (2) effluent concentration,
Xe, (3) diluted concentration, Xf, (4) sludge blanket concentration, Xsb, and (5) return sludge
concentration, Xr. Similarly, the following flow rates are defined: (1) Inlet, Qi, (2) outlet, Qe, (3)
return sludge, Qr, and (4) surplus (waste) sludge, Qw.

Figure 1. Schematic representation of the zones in a SST
Figure 2 depicts the distribution of SS concentration profiles in a SST determined during three
independent sampling trips from the DELCORA plant. Figure 2 verifies the fact that settling of
activated sludge in SSTs is a four-stage process involving (1) clarification of the effluent, (2)
initial dilution of the inlet concentration, (3) thickening -formation of sludge blanket and (4)
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compression in the lower part of the SSTs. Upon entrance to the SSTs the SS are diluted
mainly due to hydrodynamic processes (Joannis et al., 1999). This results in lower
concentration of sludge (Xf) in the uppermost layer above the sludge blanket than the value of
SS, which is measured in the exit of aeration tanks or the inlet of SSTs, Xi, (Joannis et al.,
1999; Giokas et al., 2002b). In the sludge blanket the SS concentration increases gradually
from sludge blanket concentration to return sludge concentration.

Figure 2. Distribution of SS concentration in a SST
2.2 Sludge blanket height
The height of the sludge blanket depends (a) on the geometrical characteristics of the SSTs,
(b) the flow characteristics and (c) the SS concentrations in the SSTs; i.e. Xf, Xsb and Xr.
Theoretically, the height of the sludge blanket, Hsb, can be determined using equation (1).
Msb = Xsb × Vsb = Xsb × A × Hsb
(1)
where Msb is the mass of SS in the sludge blanket (kg), Xsb is the average concentration of SS
in the sludge blanket (kg m-3), Vsb is the volume of the sludge blanket (m3) and A is the
surface area of the SST (m2).
The dynamic calculation of Hsb requires the dynamic calculation of Msb. This calculation is
performed using the mass balance for the SS in the SSTs

dMs
= (Qi + Qr )Xi − (Qr + Q w )Xr − (Qi − Q w )Xe
(2)
dt
where Ms is the mass of SS in the SSTs (kg) and t is the time (d).
Usually, the masses of SS in the effluent and the wastage flows are ignored, i.e. Ms=Msb,
because Qw<<Q, Qw<<Q r, Xe<<Xi and Xe<< Xr; thus, Xe and Qw are not involved in the
modeling procedure. With these simplifications, equation (2) takes the following form
dMsb
= (Qi + Qr )Xi − Qr × Xr
(3)
dt
Three more equations will be formulated on the basis of empirical and theoretical concepts to
calculate Xr, Xf and Xsb.
2.3 Characteristic times
In SSTs two characteristic theoretical times are defined: (a) the hydraulic detention time, Θ
and (b) the thickening time, Θth.
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Θ=

volume of wastewater in the SSTs (m3 )
V
V
=
≈
Qe Qi
effluent flow rate (m3 d-1 )

Ms
Msb
mass of wastewater in the SSTs (kg)
≈
≈
-1
rate of mass of X leaving the SSTs (kg d ) Qr × Xr Qr × Xr
where V is the volume of the SSTs (m3).
Θth =
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(4)
(5)

2.4 Return sludge concentration, Xr
In steady state conditions, which are commonly adopted in the design of SSTs, equation (3)
can take the form of equation (6) (Metcalf and Eddy,1991):

Q r + Qi
1+ r
Xi
Xr =
Xi
(6)
Qr
r
However, in dynamic conditions Xr is usually calculated by equations describing the process
of activated sludge thickening. For this scope, a modified version of the simple model of
Roche et al., (1995) is used. The original model of Roche et al., (1995) is written as follows:
Xr = a(Θ + ∆Θ)b
(7)
∆Θ, a and b and coefficients, which have the following forms
a = 2.065 × Xi0.385
(8)
−0.152
b = 0.545 × SVI
(9)
∆Θ = 0.086 × Xι2.234
(10)
where SVI is the Sludge Volume Index (ml/l). ∆Θ (d) accounts for the compression time
advancement of the activated sludge.
Pipes and Kim (1996) proposed two modifications in equation (7). Firstly, they argued that ∆Θ
is small compared to Θ and has almost no effect on the calculated value of Xr; thus, it can be
omitted. Secondly, they questioned the use of Θ and proposed its substitution by the
thickening time Θth. By adopting these modifications, equation (7) can be combined with
equation (5) to result in equation (11).
(Qi + Qr )Xi = Qr × Xr

Xr =

1

1

⎡ ⎛ M ⎞ b ⎤ b +1 ⎡ ⎛ X × A × H ⎞ b ⎤ b +1
sb
⎢
Xr = a ⎜ sb ⎟ ⎥ = ⎢a ⎜ sb
⎟ ⎥
Qr
⎢⎣ ⎝ Qr ⎠ ⎥⎦
⎢⎣ ⎝
⎠ ⎥⎦

(11)

2.5 Diluted concentration, Xf
The diluted SS concentration, Xf, influences the sludge blanket height. To demonstrate this
effect, two series of real-time data were obtained from the DELCORA plant: (a) Steady state
and (b) 155 h consecutive dynamic data. These data, which are plotted in Figure 3, show the
3 regions of SST: (1) overloaded (Xi/Xf≤1.5), (2) normal loaded (1.5≤Xi/Xf≤3.0) and (3) under
loaded (Xi/Xf≥3.0). In Figure 3 the critical value of Hsb is also shown, which is the maximum
value of Hsb, above which SS washout occurs; this value was estimated equal to 2.75 m.
Figures 3a and 3b depict that when the ratio Xi/Xf increases, Hsb decreases. A few outlier
peaks observed in Figure 3b in the region of Xi/Xf >2 can be attributed either to experimental
error or to the relatively slow response to rapid changes in the Xi/Xf ratio, especially for high
SVI values. A more detailed analysis of this behavior is provided in the experimental part
In steady state conditions Xf can be determined using the mass balance in the inlet zone
(Figure 1), which is written as follows:

(Qi + Qr )Xi = ( Qr +Vs × A ) X f

or

Xf =

Qi + Qr
1+ r
Xi =
Xi
Qr +Vs × A
r+ Vs OR

(12)

where VS is the settling velocity of the SS (m d-1), OR =Qi / A is the overflow rate (m d-1) and
Ha=Vs/OR is the Hazen number (-).
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(b)
(a)
Figure 3. Variation of Hsb as a function of the ratio Xi/Xf .
(a) Steady-state data and (b) Dynamic data
In equation (12) the process of settling is modeled as a flow of the SS in the direction of
gravity with velocity VS. In simple mathematical models, VS is assumed to be constant. A
more realistic approach is to use a Settling Velocity Curve (SVC), in which, the SS are divided
into classes, due to the variation of particle diameter, each having a discrete settling velocity
(Stamou et al., 1989). In practice, however, it has been found that VS is a function of the local
SS concentration (Xi). Following this practical concept, which takes into account the hindered
settling due to sludge floc aggregation, Takacs et al., (1991) proposed a double exponential
function between VS-Xi, in which, at low values of Xi, VS increases with Xi until a value of Xi, at
which VS attains a maximum value and then starts to drop with a further increase of Xi.
Alternatively, the integrated approach proposed by Giokas et al., (2003) can be used for the
determination of Vs, as a function of SVI. The application of these approaches in the initial
formulation of the model showed, that for typical values of Qr and Xi, Xf was significantly
overestimated (always Xf>Xi), with the exception of very large values of Qr, at which Xf
approximates Xi. This means that a simple steady-state mass balance equation, such as
equation (12), is not capable to calculate the diluted activated sludge concentration (Xf).
To overcome this difficulty a simpler approach was adopted, which is based on equation (11)
and the assumption that the time the SS spent from the upper part of sludge blanket to the
withdrawal point is equal to the time diluted sludge spent from the surface of the SST to the
bottom. This approach results in equation (13); see Giokas et al. (2002b).
b +1

Xf =

Qr × Xr b
a1/ b × A × H

(13)

2.6 Sludge blanket concentration, Xsb
For the calculation of Xsb the theoretical approach of Halttunen (1996) was used, which
describes the rate of thickening by equation (14).
∂X
1
=
∂t k1X

(14)

where k1 is a thickening factor (g-2m-6d2) incorporating the effects of all the properties of
activated sludge, such as floc density, size, shape etc. Integrating equation (14) from initial
time (t=0) to thickening time (Θth) and from the initial concentration, Xsb (in the sludge blanket)
to final concentration (in the bottom of SSTs) Xr, results in equation (15).
2
Θ th = 0.5 × k1 × (Xsb
− Xr2 )
(15)
Moreover, a modified version of the model of Nielsen et al. (1996), which is based on the
concept of Sludge Volume Loading, reads as follows
V = k 2 × Qi × Xsb × SVI
(16)
3
-1
where k2 is a coefficient (m d kg ).
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Combining equations (5), (15) and (16), and using the experimental data of the present work,
equation (17) is derived.
Xr
Xsb =
(17)
Hsb Q SVI
1+
×
×
H Qr Xr
2.7 Formulation of the finite differential equations
Integration of equation (3) over the volume of the SST using forward time differences between
n and n+1 time levels, or times t and t+dt, where the values of any variable, X, are denoted by
Xn and Xn+1, respectively, yields:
(Msb )n +1 − (Msb )n
= (Qni + Qnr ) × Xni − Qnr × Xnr
(18)
∆t
Inserting equation (1) into (18) the latter is written as follows:
∆t
Xnsb+1 × Hnsb+1 = Xnsb × Hnsb + × ⎡⎣(Qni + Qnr ) × Xni − Qnr × Xnr ⎤⎦
(19)
Α
Equations (11), (13), (17) and (19) are the four basic equations of the model forming a nonlinear, dynamic system of simple equations, which cannot be solved explicitly. Therefore,
the trial-and-error method of solution was adopted.
3.
EXPERIMENTAL
3.1 Materials and methods
Experimental data were obtained from the Western Regional Treatment Plant located in
Chester, Pennsylvania (DELCORA, Delaware County Regional Water Quality Control
Authority) USA (Kim, 1995). This STP was rated to treat an average of Qi=166540 m3 d-1, but
frequently had difficulties in handling hydraulic overloads during rainstorm periods (Qi>170000
m3 d-1). The activated sludge process consists of (a) four mechanically aerated biological
reactors with a total volume equal to 37850 m3 and (b) four circular, up-flow center feed SSTs
with a total area of 4930 m2 and side water depth equal to 4.57 m. The maximum capacity of
the return sludge pumps is 90840 m3 d-1.
Three sets of data were obtained from the DELCORA plant: S1, S2 and S3. S1 consists of
average daily dynamic data for one year. S2 contains dynamic data during 155 consecutive
hours of operation, including days with rainstorm events that caused hydraulic overloads. S3
consists of steady-state data collected during 58 sampling trips to the plant. Steady-state
operation was assumed to occur when the criterion of non-variable amount of sludge solids
stored in the SSTs was satisfied. In addition, two more sets of data consisting of average and
dynamic data from other researchers (Watts et al., 1996; Manning et al.,1999) were used to
demonstrate the general applicability of the proposed model.
The plant operators measured Qi, Qr and Hsb and effluent turbidity (practically Xe) in the four
SSTs every two hours; Xi and Xr were measured every twelve hours. Suspended solids
determinations were performed in duplicate in each sample following Method 213C of the
Standard Methods for the Examination of Water and Wastewater (APHA, 1995). The samples
to determine the sludge blanket height were obtained with an integrated sludge sampler
(sludge judge) composed of a transparent sampling tube, a check valve and a support rod
(Kim and Pipes, 1996 and 1999; Kim et al.,1997). The transparent tube permitted the visual
determination of the interface between water and sludge; Hsb was calculated by subtracting
the height of the side water depth and then the average value of Hsb for the four SSTs was
determined.
The sludge settling properties (initial settling velocity) and the SVI were measured with a 1 l
graduated cylinder (diameter 6 cm, height 0.345 m, settling time for SVI determination 30 min),
which was stirred at 1 rpm to minimize wall effects. Four sets of settling tests were performed
for each of the mixed liquor samples and the results were averaged. The SVI observed in this
study corresponds to the SSVI (stirred SVI) and was occasionally lower than the SVI values
obtained by the operators at the plant, where the sludge was not stirred.

68

STAMOU et al.

3.2 Processing of data
The calibration of the model involved the minimization of the sum of squared errors between
model calculations and measurements (R2 or R- Coefficient or Index of Determination). This
method shows the proportion of the variance of the observed data, which is explained by the
model, but it does not give adequate information for the absolute or the relative deviation of
the calculated values from the actual values, which is also of interest in dynamic simulations.
For this purpose, the quality of fit between simulated values and available data was also
evaluated by calculating the Average Relative Deviation (ARD) between model predictions
and data points using the following expression:
1 n ⎛ Xm − Xc ⎞
(20)
ARD = ∑ ⎜ i m i ⎟
n i=1 ⎝ Xi
⎠
where ARD is the average relative deviation, n is the number of experimental data points,
Xmi are the measured values and Xic are the calculated values.
4.
RESULTS AND DISCUSSION
4.1 Calibration of the model
The calibration of the model involved the determination of the coefficients a and b. Four data
sets were randomly selected and used in the calibration. The following exponential
expressions were derived for the determination of the coefficients a and b.
a = 2.180( ±0.07) × Xi0.327( ±0.03)
(21)
b = 0.525( ±0.04) × SVI−0.143( ±0.01)
(22)
Equations (21) and (22) are almost identical to equations (8) and (9), respectively, although
measurements from various treatment facilities have been used.

4.2 Verification of the model
In Figure 4 calculated Xf values are compared with measurements. In Figure 5 calculated Xr
values are compared with measurements (Set S1) and with the calculations of the models of
Böhnke and Pöppinghaus (1990) and Roche et al. (1995). Figure 4 shows a satisfactory
agreement between calculations and field data. Furthermore, Figure 5 shows that the
calculated Xr values are in good agreement with the measured values (set S1). The
calculated slope (s) and intercept (i) of the best-fit line indicate that the proposed model is
better than the other two models; s=0.88 and i=0.28 for the present model, s=0.69 and i=2.10
for Böhnke and Pöppinghaus,1990 and s=0.15 and i=3.40 for Roche et al., 1995.

Figure 4. Comparison of calculated values of Xf with measurements
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Figure 5. Comparison of calculated values of Xr with measurements for the 3 models
In Figure 6a the comparison of calculated versus measured SS concentrations in the sludge
blanket (steady-state data - set S3) is depicted. The characteristics of the best-fit line
(slope=0.786, intercept=0.541) show that the proposed model offers a good approximation of
the real behavior. The simulation using dynamic data (set S2) shown in Figure 6b, is also
supportive to this conclusion revealing that the model can also satisfactorily predict the real
dynamic behavior of the process.

(a)
(b)
Figure 6. Comparison of calculated sludge blanket concentrations with
(a) steady state data and (b) dynamic data (155 h of continuous operation)

4.3 Application of the model-Discussion
The model was applied to calculate the variation of the sludge blanket height for (a) the
daily average dynamic data along with the measured values (set S1) and (b) the 155 h
consecutive dynamic data from the DELCORA plant (set S2). These variations are shown
in Figure 7a and b, respectively, together with field data.
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(a)

(b)

Figure 7. Comparison of calculated sludge blanket height with (a) 1-year average
dynamic data and (b) dynamic data (155 h of continuous operation)
Figure 7a depicts that the prediction of the sludge blanket is very satisfactory, taking into
account the long operational period. The calculated ARD value is also satisfactory, being
equal to 23%. However, it is noted that, despite the satisfactory performance of the
model, extreme values in sudden transient conditions (storm surges) are generally
overestimated. Figure 7b also shows a satisfactory simulation of the Hsb pattern.
However, during sudden hydraulic changes, the model tends to over-predict the height of
the sludge blanket. From the practical point of view, this conservative behavior can be
seen as a positive attribute of the model, because it warns for a coming failure, such as
an SS washout. Since Xsb is predicted satisfactorily, the overestimation of the Hsb in
extreme conditions can be attributed to the overestimation of the Xf values. This is due to
the fact that equation (13), for simplicity reasons, describes the process of dilution on the
incoming SS in a very simplified way, as a function of the return sludge concentration and
the incoming flow rate (Joannis et al., 1999). Therefore, abrupt changes in the operation,
such as hydraulic overloads, cannot be modeled adequately. Similar deviations were also
reported in the majority of models (Dupont and Dahl, 1995; Göhle et al., 1996; Chatellier
and Audic, 1998; Joannis et al., 1999; Manning et al., 1999; Chatellier and Audic, 2000)
revealing a general mathematical discrepancy in such conditions. Research is currently in
progress to develop a more efficient, but still simple equation, for the calculation of Xf
involving the hydraulic characteristics of the SST.
Beyond model structure, the quality of input data is very critical for the successful realistic
dynamic simulation of SSTs. This is particularly true when dynamic rather than steady
state or average dynamic data are used. In the present work, a sampling interval equal to
two hours was adopted and proved to be adequate in most occasions. However, this
value could not reflect very rapid changes resulting in overestimation of the actual
behavior as also evidenced with other models (Göhle et al., 1996; Joannis et al., 1999).
This suggests that when the operation becomes critical, time intervals between
consecutive samplings should be significantly abridged in order to account for the real
behavior. Otherwise, the predictions are liable to reflect the quality of the input data rather
than the ability of the model to simulate the process. Unfortunately, such data are rarely
available.
The applicability of the model was further assessed with two data sets from the literature;
(a) a set of average data from Watts et al. (1996) and (b) a set of data from Manning et
al. (1999) obtained during hydraulic overloads induced by storm surges.
The comparison between calculated and measured values of the sludge blanket height,
which is shown in Figure 8, demonstrates a satisfactory approximation of the real
behavior. The calculation of the temporal variation of the sludge blanket height is also
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satisfactory and consistent to the previous findings; the model tends to overestimate the
sludge blanket height in hydraulic overloads.

(a)

(b)

Figure 8. Comparison of calculated sludge blanket height with the data of
(a) Watts et al. (1996) and (b) Manning et al. (1999)
5.
CONCLUSIONS
A simple model was formulated using a mass balance equation and three empirical
equations, which account for the main processes in SSTs. These equations formed a nonlinear dynamic system with only two coefficients that remain practically unchanged in various
operating conditions, and solved numerically by trial-and-error. The verification and
application of the model were successful indicating a satisfactory description of the operation
of SSTs for various operating conditions ranging in complexity from steady state to dynamic.
Calculations showed a satisfactory agreement with field data although the model tended to
over-predict the sludge blanket height during sudden hydraulic overloads. By exploiting this
conservative behaviour as an early warning system of operational failure, the model can
safely be used in the design of SSTs (steady-state analysis).
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